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A NOTE ON MEYERS’ THEOREM IN Wk

IRENE FONSECA, GIOVANNI LEONI, JAN MALY, AND ROBERTO PARONI

ABSTRACT. Lower semicontinuity properties of multiple integrals
e WHH@RY) = [ fa (@) Vru(e) do
Q

are studied when f may grow linearly with respect to the highest-order de-
rivative, V*u, and admissible Wk’l(Q;Rd) sequences converge strongly in
Wh=L1(Q:R4). It is shown that under certain continuity assumptions on f,
convexity, 1-quasiconvexity or k-polyconvexity of

&= f(@o,u(zo), - , V¥ u(zo), £)

ensures lower semicontinuity. The case where f(zo,u(z0)," -, VF 1u(zo),")
is k-quasiconvex remains open except in some very particular cases, such as
when f(z,u(z),- -, VFu(z)) = h(z)g(VFu(z)).

1. INTRODUCTION

In a classical paper Meyers [26] proved that k-quasiconvexity is a necessary and
sufficient condition for (sequential) lower semicontinuity of a functional

u»a/f(x,u(x),--- ,VFu(x)) de
Q

with respect to weak convergence (weak™® convergence if p = oo) in the Sobolev
space W*P(;R?) and under appropriate growth and continuity conditions on
the integrand f, thus extending to the case k > 1 the notion of quasi-convexity
introduced by Morrey when k = 1. Here € is an open, bounded subset of R, with
N >1,and k,d € N, 1 < p < co. Meyers’ theorem uses results of Agmon, Douglis
and Nirenberg [I] concerning Poisson kernels for elliptic equations. Fusco [22] later
gave a simpler proof using De Giorgi’s Slicing Lemma. He also extended the result
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to Carathéodory integrands when p = 1, while the case p > 1 has been recently
established by Guidorzi and Poggiolini [24] under the Lipschitz condition

|f($,V,§) - f(l‘?Vafl)' < C(l + |€|p—1 + |§1|p—1)|€ - Ell

(note that this condition is automatically satisfied for k = 1 and k = 2, see [25] and
[24]), and by Braides, Fonseca and Leoni in [§], who obtained a general relaxation
result in W#P(Q; R?) with respect to weak convergence.

In most applications, the lower semicontinuity results mentioned above are com-
pletely satisfactory when p > 1, since bounded sequences in W*P(Q;R?) admit
weakly convergent subsequences. However, when p = 1, due to loss of reflexivity
of the space W¥1(£2;R?) one can only conclude that an energy bounded sequence
{un} € WEL(Q;RY) with

sup [l ly.s < 00
n

admits a subsequence (not relabelled) such that
(1.1) Uy —u  in WFBLHOQRY),

where u € WE-L1(Q;R?) and VF~lu is a vector-valued function of bounded
variation. In this paper we seek to establish lower semicontinuity in the space
Wk1(Q; R?) under this natural notion of convergence.

When k£ = 1 the scalar case d = 1 has been extensively treated, while the
vectorial case d > 1 was first studied by Fonseca and Miiller in [I9], who proved
(sequential) lower semicontinuity in W11(Q; R?) of a functional

UH/f(x,u(x),Vu(x))da:
Q

with respect to strong convergence in L'(€2;R?) (see also [4], [20], [17], [18] and
the references contained therein). The approach in [19] is based on blow-up and
truncation methods.

Similar truncation techniques have been used quite successfully in the study of
existence and qualitative properties of solutions of second-order elliptic equations
and systems (see e.g. [7] and the references contained within). Their main draw-
back lies in the fact that they cannot be easily extended to truncated gradients or
higher-order derivatives. This may explain in part why several important results
for second-order elliptic equations have no analog for higher-order equations.

The main result of this paper extends Meyers’ Theorem to the case where weak
convergence in W*1(Q;R?) is replaced by (L) together with a weak form of co-
ercivity of the convex, 1-quasiconvex or k-polyconvex density f (see Theorems [.2]
and [L.6] below). We start with the case where f depends essentially only on x
and on the highest-order derivatives, that is, V¥u(z). This situation is significantly
simpler than the general case, since it does not require one to truncate the initial
sequence {u,} C Wk1(Q;R?). Using the notation and terminology introduced in
Section 2, we state the following;:

Theorem 1.1. Let f : Q X Eﬁc_l} x E¢ — [0,00) be a Borel integrand. Suppose
that for all (zg,vo) € Q X Eﬁc_l} and € > 0 there exist 59 > 0 and a modulus of
continuity p, with p(s) < Co(1+ s) for s >0 and for some Cy > 0, such that

(1'2) f(anVOaf) - f(:c,v,f) < 6(1 + f(l‘?V?E)) + p(|V - VOD
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for all x € Q with |x — zo| < do, and for all (v,§) €
one of the following three conditions is satisfied:
(a) f(zo,vo,-) is k-quasiconvez in E and

E[i_l] X E,‘j. Assume also that

(13) L=< v QU+ for all€ eB,
where Cq > 0;

(b) f(z0,vo,-) is 1-quasiconvex in EZ and

(1.4) 0 < f(xo,vo,&) < Ci(1 +1€]) for all € €EY,
where Cq > 0;

(¢) f(z0,vo,") is convex in EZ.
Let u € BVF(Q;RY), and let {u,} be a sequence of functions in WH1(Q;R?)
converging to u in Wk’l’l(ﬂ' R%). Then

/f da:<hm1nf/fxun,... Fup) de.
n—oo
Here V¥u is the Radon-Nikodym derivative of the distributional derivative D¥u
of VF~lu, with respect to the N-dimensional Lebesgue measure £~. An important
class of integrands which satisfy (I.2)) of Theorem [[]is given by

f=[(@,8) = h(x)g(5),

where h(z) is a nonnegative lower semicontinuous function and ¢ is a nonnegative
function that satisfies (a) or (b) or (c¢). The case where h(z) = 1 and g satisfies
condition (a) was proved by Amar and De Cicco [2]. Theorem [[LT] extends a result
of Fonseca and Leoni (Theorem 1.7 in [I7]) to higher-order derivatives, where the
statement is exactly that of Theorem [ setting & = 1 and excluding part (a).
Related results when k& = 1 were obtained previously by Serrin [28] in the scalar
case d = 1 and by Ambrosio and Dal Maso [4] in the vectorial case d > 1 (see also
Fonseca and Miller [I9], [20]). Even in the simple case where f = f(¢) it is not
known if Theorem [[.T|(a) still holds without the coercivity condition

1
(€)= a|§| -

The main tool in the proof of Theorem [1.1], used also in an essential way in subse-
quent results, is the blow—up method introduced by Fonseca and Miiller [19], [20],
which reduces the domain Q to a ball and the target function v to a polynomial.

When the integrand f depends on the full set of variables in an essential way,
the situation becomes significantly more complicated, since one needs to truncate
gradients and higher-order derivatives in order to localize lower-order terms.

The following theorem was proved for k = 1 by Fonseca and Leoni in [I7] (The-
orem 1.8). Here we extend the result to the higher-order case.

Theorem 1.2. Let f : QXE[d ]xEd — [0, 00) be a Borel integrand, with f(z,v,")
1-quasiconver in Ed Suppose that for all (xg,vg) € 0 x E[k 1] either f(xg,vo,-) =
0, or for every € > 0 there exist C, §o > 0 such that

(1'5) f(l‘o,Vo,f)—f(l‘,V,f) Sa(l—l—f(m,v,f)),

(16) Clel - 5 < (o, vo, ) < OO+ e
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for all (z,v) € Q x E& 1y with |z — xo| + |v — vo| < 8o and for all £ € EY.
Let u € BVF(Q;RY), and let {u,} be a sequence of functions in WH1(Q;R?)
converging to u in WF=L1(Q;RY). Then

/f(x,u,..., dx<hm1nf/f:cun,... Fup) d.
Q

n—oo

A standing open problem is to decide whether Theorem [[2] continues to hold
under the weaker assumption that f(x,v,-) is k-quasiconvex, which is the natural
assumption in this context.

In the scalar case d = 1 (that is, when u is an R-valued function), and for first-
order gradients, i.e., k = 1, condition (If]) can be eliminated; see Theorem 1.1 in
[I7]. In particular, in [I7] Fonseca and Leoni have shown the following result:

Proposition 1.3 (cf. [I7], Corollary 1.2). Let g : RY — [0,00) be a convezx func-
tion, and let h : Q@ x R — [0,00) be a lower semicontinuous function. If u €
BV (;R) and {u,} C WHL(Q;R) converges to u in L'(;R), then

/h(x,u)g(Vu)dxgliminf/ h(z, un)g(Vuy,) de
Q Q

n—oo
It is interesting to observe that the analog of this result is false when k& > 2.

Theorem 1.4. Let Q := (0, 1)N, N > 3, and let h be a smooth cut-off function
on R with 0 < h <1, h(u) =1 foru < %, h(u) = 0 for u > 1. There ezists a
sequence of functions {u,} in WL(Q;R) converging to zero in WH1(Q;R) such

that {||Aun| L1 o;r)} is uniformly bounded and

limsup/ﬂh(un)(l—Aun)+ dx </Qh(0)dx

n—00

As in Theorem [I] conditions ([.5) and (6) can be considerably weakened if
we assume that f(z,v,-) is convex rather than 1-quasiconvex. Indeed, we have the
following result:

Theorem 1.5. Let f: Q x E?
tion, with f(z,v,-) convexr in EL. Suppose that for all (zo,vo) € 2 x E[k 1

(k1) X Ed — [0, 00] be a lower semicontinuous func-

either f(xo,vo,-) = 0, or there exist C1, do > 0, and a continuous function
g : B(wo,00) x B(vo,d0) — E{ such that
(1.7) f(z,v,g9(z,v)) € L= (B(zo,60) X B(vo,d0); R),

1

1

for all (z,v) € Q x Eﬁc_l} with |x — xo| + |[v — vo| < &0 and for all £ € EZ. Let
u € BVE(Q;R?), and let {u,} be a sequence of functions in W*1(£; R?) converging
to u in WE=LL(Q; R?). Then

/f dx<hm1nf/f:cun,... Fup) d.

n—oo

Theorem [[.5 was obtained by Fonseca and Leoni for the case k = 1 in Theorem
1.1 of [18]. It is interesting to observe that without a condition of the type (L),
Theorem is false in general. This has been recently proved by Cerny and Maly
n [12].
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The proofs of Theorems [LT(b) and (c), and can be deduced easily from
the corresponding ones in [I7] and [I8], where k = 1. It suffices to write

/ flz,u(z),. .., Viu(z))de = / F(z,v(z),Vv(z))dz
Q

Q

with v := (u, . ,Vk_lu), and then to perturb the new integrand F in order to
recover the full coercivity conditions necessary to apply the results in [17], [18].
This approach cannot be used for k-polyconvex integrands, and a new proof is
needed to treat this case. Thus Theorem |E|(a) and Theorem below are the
only truly genuine higher-order results, in that they cannot be reduced in a trivial
way to a first-order problem.

For each £ € E& let M(£) € R™ be the vector whose components are all the
minors of &.

Theorem 1.6. Leth : QXE[‘%?I] xR™ — [0, 00] be a lower semicontinuous function,
with h(x,v,:) conver in R7. Suppose that for all (zo,vo) € X Eﬁcfu either

h(zo,vo,) =0, or there exist C, 69 > 0, and a continuous function g : B(zg,dp) X
B(vo,d0) — R” such that

(19) h(x,v,g(x,v)) e L™ (B(xo,éo) X B(VO’(SO);]R) ,
(1.10) h(z,v,v) > Clo| — é

for all (z,v) € Q x Eﬁcfu with | — xo| + |[v — vo| < §p and for all v € R™. Let
u € BVF(Q;RY), and let {u,} be a sequence of functions in WHP(Q;R?) that
converges to u in WFLL(Q:RY), where p is the minimum between N and the
dimension of E{_,. Then

/h(x, u, ..., V7, M(VFu))de < liminf/h(:c,un, oV g, M(VF,))da
Q Q

n—oo

Theorem [L@ is closely related to a result of Ball, Currie and Olver [6], where it
was assumed that
1
h > —
(2%, 0) 27 () — 5
with
v (s)
s
Also, as stated above and with & = 1, Theorem was proved by Fonseca and
Leoni in [1§], Theorem 1.4.

— 00 as § — Q.

2. PRELIMINARIES

We start with some notation. Here Q C R¥ is an open, bounded subset; £V
and HV 1 are, respectively, the N-dimensional Lebesgue measure and the (N —1)-
dimensional Hausdorff measure in RY. Let @ be the the unit cube (—1/2,1/2)
and set Q(zo,¢) := xo + Q.

For each j € N the symbol V/u stands for the vector-valued function whose
components are all derivatives of order j of u. If w is C*°, then for j > 2 we have
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that Viu(zr) € E;»i, where Ej‘-l stands for the space of symmetric j-linear maps from
RY into R%. We set E¢ := R4, B¢ := RN and
Ef_y=Ej{x---xEl,, Ef =Eg.
For any integer k > 2 we define
BVF(;RY) i= {u e WF Y (RY) : VFlu € BV( B},
where V/u is the Radon-Nikodym derivative of the distributional derivative D7u

of VJ~1u, with respect to the N-dimensional Lebesgue measure £V.
We recall that a function f : Ed — R is said to be k-quasiconvex if

/f§+V’“ y)) dy

for all ¢ € B¢ and all w € C§°(Q;RY) .

The followmg theorem was proved in the case ¥ = 1 by Ambrosio and Dal
Maso [], while Fonseca and Miiller [19] treated general integrands of the form
f = f(z,u, Vu), but their argument requires coercivity. The case k > 2 is due to
Amar and De Cicco [2]. For completeness we give a proof for all k£ > 1.

Proposition 2.1. Let f : Eg — [0,00) be a k-quasiconvez function such that

(2.1) 0<f(E) <CA+IE])
forall € € Eg Moreover, when k > 2 assume that
(22) f(&) = Culgl for [€] large.

If {u,} is a sequence of functions in W*1(Q;R?) converging to 0 in W*=1L1(Q; R?),
then

n—oo

<hm1nf/ f(VFu,)

Proof. We start with the case k > 2. Without loss of generality, we may assume
that

liminf/ f(V*u,)de = lim f(V*u,) dx < oo,

n—oo n—oo Q

so that by condition (22,
K = sup/ |VFu,| dr < .
n JQ
Let ¢ > 0, M € N, and decompose L := Q\ (1 —¢)@Q into M layers with
mutually disjoint interiors, L; := a;11Q \ a;Q, so that
1—€=Oél<042<...<05M<1=ZO(M+1.

Since

M
Z/ (1+|V¥uy|) do <14+ K
i=1 /L

foralln € N, there exist i € {1,..., M} and a subsequence of {u,} (not relabelled)
such that

(2.3) / (1+ |Vkun|) dr < 1;\’—4[{ for all n € N.

ie
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Let o € C° (Q;[0,1]) with p(z) =1in 0;.Q, ¢(xz) =0 if z ¢ a;_+1Q. Since f is
k-quasiconvex,

<hm1nf/ F(V® (puy))

n—oo

§liminf/ f(v un)dx—i—/ f(0)dx
n—ee JQ Q\ i +1Q

+ Climsup/ (1+ V¥ (pun) ) da,
L

n—oo ;
e

where we have used (Z1). As u,, — 0 in W*=1L1(Q;R?) strongly, we have

1+ K
limsup/ (1+|VF (puyn) ) dz < hmsup/ (14|VFuy,l|) do < i

ig ig

by (Z3]). We conclude that

1+ K
(1—e)Nf(0) < a1 £(0) <hm1nf/ F(V¥u,) dx++7,

and the result now follows by letting first ¢ — 07 and then M — oo.
Next we consider the case where k = 1. Let ¢ > 0, fix n € N, set

M, = [n/@(1+|Vun|) dx} +1,

where [-] denotes the integer part, and decompose L := @\ (1 — ¢) @ into M, layers
with mutually disjoint interiors, L(n) = gi)lQ \ agn)Q, so that

(n) (n) (n) (n)

l—e=a;" <ay .<oz]\/[’<1::ocMJr1

and, in addition, agi)l E") =g, i= , M,,. Let 90(") € C(Q;10,1]) with
™M (@) =1in aMQ, o (@) = 0if x ¢ a(")Q IVoill o < 2o i =1,..., M,.

We have

/Qf(v (wgm )) dx</Qf(Vun)dx—i—/Q\ame(O)dx

2M,

+C/ (14 |Vuyl) |t | da.
L ()
Thus
1 &
L £ (v (o dx</fVun dx+/ £(0) da
M, z_I/Q ( ( ) Q\a{™Q

C
4+ — 1+ |Vu da:+—/ Up | dx
Mn/cz\aY”Q( [Vem) € Q\a%””@' “

< [ 1@ ro@+ S+ E
Q

|t | da.
Q\ e Q

We may, therefore, find ¢ = i(n,e) € {1,..., M} such that, in view of the quasi-
convexity of f,

f(0) S/Qf<V(gai) ))dx</@f(Vun)dx+O(e)+%+§/Q|un|dx,

and the conclusion follows by letting n — oo and then ¢ — 07. O
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Proposition 2.2. Let h: R™ — [0,00) be a convex function such that
h(v) — oo as |v| — oo.

Let u € WHP(Q;RY), and let {u,} be a sequence of functions in WHP(Q;RY) that
converges to u in L*(Q;R?), where p = min{d, N}. Then

/ h(M(Vau)) dr < liminf / (M (V) da.
Q Q

n—oo

Proposition 221 has been proved by Dal Maso and Sbordone (cf. Theorem 2.2 in
[14]) using Cartesian currents, and by Fusco and Hutchinson (cf. Theorem 2.6 in
[23]).

Next we present an approximation result for convex functions.

Proposition 2.3. Let M be a closed set of RP, and let V be an reflexive and
separable Banach space. Let f : M xV — (0,400] be an M x (weak-V') sequentially

lower semicontinuous function, convex in the last variable and such that there exists
a continuous function vy : M — V with

(2.4) (F(w0())T € LS (M;R).
Then there exist two sequences of continuous functions

a; : M — R, bj : M —V*,
where V* is the dual space of V', such that

ft,v) = Sup (a;(t) + (;(8),0)) "

forallte M andv e V.

Proposition 23] was proved by Fonseca and Leoni in [1§], following closely the
argument of Ambrosio in [3], who studied the case where (2.4)) is replaced by the
assumption that f(-,vo(+)) is continuous.

3. ProoOF orF THEOREMS [I.1] AND[T.2]

Proof of Theorem [[-1l Without loss of generality, we may assume that
liminf/ fxyun(z), ..., Viu,(x))de = lim [ f(z,un(z), ..., Viu,(z))de < co.
Passing to a subsequence, if necessary, there exists a nonnegative Radon measure
w such that

flz un (), ..., VFEu, () V[ Q2 p
as n — 00, weakly™ in the sense of measures. We claim that

dp _ g #(@(0,€))
o et = i O
for LN ae. zo € Q. If (BI) holds, then the conclusion of the theorem follows

immediately. Indeed, let ¢ € C.(Q2;R), 0 < ¢ < 1. We have

> f(xov u(xo), cee ,Vku(xo))

lim fx,tn, ..., VFiu,)dz > liminf/ © flx,tup, ..., VFu,)ds
Q

n—oo Q n—oo

dp k
= > > e .
/ngdu_/ﬂgadﬁN da:_/ﬂgof(m,u, , Viu) dz
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By letting ¢ — 1, and using the Lebesgue Monotone Convergence Theorem, we
obtain the desired result. Thus, to conclude the proof of the theorem it suffices to

show (B310).

Take ¢ € Q such that

dp . pu(Q(wo,€))

(3.2) agw (o) = lim == 5= < o0,

LY LT

e=0t €7 JQ(zoe) |7 — o
where

1
Ti(z) == Z avau(:co)(x —xz0)%,
lal<k

and set

vo == (u(zo), ..., V¥ u(zg)) .
Choosing &, \, 0 such that p(0Q(zg,enm)) = 0, then
lim M = lim lim LN/ f(x,un, ..., VFu,)dz
Q(mo,em)

m— 00 5N m—o0 Nn—oo &£
m m

= lim lim [ f(zo+emy, Tho1(T0 +emy) + erwn m(y), VIk-1(20 + my)

m—oon—o0 [
k—1 2 k—2v72 k
+ €m vwn’m(y)v \Y kal(xo + €my) + €m \% wn,m(y), e 7V w’ﬂ’m(y)) dya
where

Up(xo + € —Tr_1(xo + ¢
W) = 20 e = Lm0+ Eny),
m

Clearly wy, , € WFL(Q;R?), and, by B2), lim lim |[wy, ., — wollwr-1.1(Qrdy =
m—00 N—00
0, where

wo(y) :== Z ivo‘u(:co)yo‘.
la|=k

By a standard diagonalization argument, we may extract a subsequence w,, :=
W, .m that converges to wo in W*=11(Q; RY), such that VZw,, — VIwy pointwise
a.e. for j=0,... ,k—1, and

dp
acx (o)

(3.3)
= lim f(xO +emy, kal(xo + 5my) + Efnwm(y)v s ,kam(y)) dy.

m— 00 Q

By condition (L2}, for all € > 0 and for m large enough,

dp
(1+ E)dﬁ—N(JCO) +e

> lim ( /Q oo, o). .V i), V() dy — |

m— 00 Q

p<|zm<y>|>dy> ,
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where

Zm(y) ==

(Th—1(20 + emy) + ebwm(y), ..., VE Ty (0 + emy) + em Vi (1)) — vo.

By Fatou’s Lemma, and since p is continuous with p(0) = 0, we have

Co —limsup/Qp(|zm(y)|)dy :133233/@[00(1 + [zm(®)]) — p(l2m(y)])] dy

m— 00

m—00

z/mmmw+mmm—m%@mwzw
Q

and so
[ ollznldy =0 asm - o
Q
Thus
du . k
(3.4) (1+ €)d£—N(£C0) +e> lim ; f(zo,vo, Viwn(y)) dy.

If g(&) = f(wo,vo,&) satisfies condition (a), then use Proposition 21 and if
either condition (b) or (¢) holds, then apply Theorem 1.7 in [17] to conclude that

(1 &) (o) & 2 S, u(wo), ., V¥uao)),

and it suffices to let e — 07. O

Proof of Theorem Theorem can be easily deduced from Theorem 1.8 in
[17]. It suffices to write

/ flx,u(x),. .., Viu(r))de = / F(z,v(z),Vv(z)) dx
Q Q

with v := (u,..., V¥ 1u). Note, however, that the coercivity condition (I8) for F
now reads

1
F(x(%VOan) Z C|77k| - Ea

where
U:(Ula"'aﬂk)eEfX”'XEg and F(%Wﬂ) 1:f($7Va77k)~

In order to be in position to apply Theorem 1.8 we need to ensure full coercivity.
Due to the strong convergence of admissible sequences {u,,} in W*k=11(€;R?), and

therefore of {v,,} in L* (Q; Eﬁcfl]> , it suffices to consider

FE(£7V777) = F(x7va77) +exa (J),V) |(7717 ank—1)|7
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where A := {(:C,v) €0 x E[‘fc_l} s f(x,v,) # O} . Theorem 1.8 in [17] now yields

1irninf/ f(@, tn, ..., VEu,) de = liminf/ F(z,vp, Vo) dz
Q

n—00 n—oo

/vaVv dm—e/‘ .,Vkilu)|da:

/fxu ,V )d
— Yu,..., V)| de.
[T T )] da

Let ¢ — 0. O

v

4. PROOF OF THEOREM [I.4]
Throughout this section we assume that N > 3.

Lemma 4.1. Let D be a cube with |D| < 1. Then there exist constants C > 0 and
A € (0,1), depending only on N, a function u € W*>(D;R) with compact support
in D, and sets A, E, G C D, with AUEUG = D and |E| < \|D|, such that

(4.1) 1Au] 1 (pzy < CIDI, Jlullwiapm) < CID,
(4.2) Au=1 onA,
(4.3) u=0 onE, u>1 onG.

Proof. After a translation we may assume that there exists B(0, R) C D such that
C'RYN <|D|<CR", Re(0,1/2),

for some C > 0. We search for a radial function of type

u(z) = ¢(|z|),
where ¢ is a C2-function on (0, c0) such that
(4.4) p(t)=0 fort>R,
(4.5) ©'(0+) = 0.
Further, we want that for some a > 0,
(49 s ={ 1
where 7 is determined by the equation
(4.7) P2 NRN = 2N(N - 2).

Note that r € (0, R), because R < 1 and N > 3. In order to find a and ¢ satisfying
(), [@3) and (@G, we note that
Au(z) = ¢"(|z]) + ] H (N = 1) ¢/ (Jzl),  for |z] # 0,
or, equivalently,
Au(z) = 1NN 1Y/ (1)), where t = |z].
On the interval (r, R), (£8) now yields
(N ) = 1,
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and thus, by (@4),

(4.8) ¢@y:%<1_§g).
On the interval (0,r), and in view of ([6), we have

(G (D) = —at™ ",
which, together with ([f5), implies that

t

4, "ty =-2.
(4.9) ) =-5
We have

L ey =gy = - (12 B

Y )—@(T+)—N<1 rN>’
and thus

RN

Now the function w is uniquely determined by its properties. Obviously we have
(E3)1 by setting

A:=B(0,R)\ B(0,r), E:=D\B(0,R), G:=DB(0,r),
with |E| < A|D| and A = XA (N). In light of (@6]) and (fI0) we have

|Aulp1 oy < [BO.R)\ BO,r)] +a|B(0,7)]

RN
= WN <RN —TN + <_N — 1> 7“N> S QMNRN,
r
where wy := |B(0,1)]. If z € G, we have by (@9), (@8) and (£1),

R R
u(z) > o(r) = - / o0yt = / RVEN o)t

1 2—-N pN 2 Rr? Rr?

RY —R)—- ___=9_ >1
Nv—" T 2(N —2) =
as R < %, B(0,R) C D and the side length of D does not exceed 1. This proves

([E3)2. By (48) and (€3),

R T R
/ |Vu|dx§C/ N ()|dt < C (/ r—NRNtth+/ Rth> < ORN*Y,
D 0 0 T

which, with the aid of the Poincaré inequality for zero boundary values, proves

(Z01)PY O

Proof of Theorem [I.7} We set Q = (0,1)", and we construct the %—periodic se-
quence {u,} as follows: divide €2 into small cubes D, of measure nLN’ a € I,

>

where the set of indices I,, has cardinality n’V. On each D, we construct u, as
indicated in Lemma [41], and denote by A, E., G, the corresponding sets. Then
up — 0 in WH(Q; R), because

4%
lunllwrom = 3 Nunllwrapuz <n¥C (n—N) ~0 asn— oo,
acly,
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and {||Aun||11(sr)} is uniformly bounded since

1
AUl L1y = Y AU L2 (Do) < nNCn—N =C.

acl,
Consider the functional

Flv) = / h(v)(1 = Av)* da.
Q
For a € I, we have by (EI))-E3),
h(up) =1 and Au, =0 on E,,
Au, =1 on A,,
h(up) =0 on Ga,
and thus
/ h(un)(1 — Auy) T dz = |Ey| < A\ Dy
Da
Summing up over « € I,,, we conclude that
/ h(un) (1 — Aup)tdz < A < 1= F(0).
Q
O

Remark 4.2. We cannot obtain an a priori bound on ||uy|y21(q;r), because the
function

h(v)(1 — trace &)™

is convex in the last variable, and, after adding a small multiple of |£|, the cor-
responding functional is lower semicontinuous on Wh!(Q;R) according to Theo-
rem [[J. A direct heuristic computation using the notation of Lemma [Z1] yields

R

0

/ V2u] di ~ / (1Y) + Y21 (1)) dt
Q

r RN RRN
~ [y —dt
([t [ a)

~ RN log R,
and so an inequality of the type
IV2ull iy < ClQ|
will not hold.
5. PROOF OF THEOREMS [[.F AND [L.6]

Proof of Theorem As in the proof of Theorem it is easy to obtain The-
orem from Theorem 1.1 in [I8] by considering v := (u, e ,V’“’lu) and the
reformulated functionals

/Q (F(z,v(z),Vv(z)) +exa(z,v (@) |[(VV), -, (VV),_1)]|) da,
with
Vv = (V) - (VV),) € B x - x Bl
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Observe that, as opposed to Theorems [LT(b) and (c), and [CH] Theorem
[CA cannot be deduced easily from the analogous result already obtained in the
case where k = 1, i.e., Theorem 1.4 in [I8]. Indeed, there is no obvious way of
perturbing the new integrand H (z,v, M(VV)) := h(z,u, ..., V¥ lu, M(VF*u)),
with v := (u,..., V*7'u), in such a way that (II0) is satisfied for the perturbed
integrand, i.e.,

1
H. (x,v, M(VV)) > C. IM(VVv)| - rol
€
and H, > H,
lim inf liminf/ H, (x,vn, M(Vv,)) dz < 1iminf/ H(z,vp, M(Vvy,)) dz.
Q Q

e—0t n—oo n—oo

This is due to the fact that M(Vv) involves terms of the form VuV¥u for which
we have no bounds.

Proof of Theorem Let f(z,v,§) := h(z,v, M(£)). We proceed as in the proof
of Theorem [[I] until we reach (3.3)); precisely,

dp
acx (o)

= lim f(l‘() + EmY, Tk_l(l‘() + Emy) + gfnwm(y)7 o avkwm(y)) dy7

m— 00 Q

(5.1)

where now w, € WH?(Q;R?), and ||wp, — wol|yr-1.1(gra) — 0 as m — oo, where
1 (03 (0%
wo(y) :== Z JV u(zo)y®.
la|=k
If f(zo0,vo,) = 0, with vo := (u(zg),...,V* 1u(zg)), then there is nothing to
prove. Otherwise, let 4y > 0 be given by (I.9) and ([L.I0). Setting
Qm = {y €Q: ‘(wm(y), . ,Vk_lwm(y))| < 60/(25m)} ,

by (&1)) and (CI0) we have

d .
() > limsup [ f(@o + 2y, Tima (@0 + my) + b (y), -, VEwn (y))dy
m—0o0 QWL

> Climsup/ |M(kam(y))| dy—1/C,

m— 00

m

and so there exists a constant K > 0 such that

(5.2) / |IM(VFw,,(y))|dy < K for all m € N.

m

By Proposition 23] with M = (zg + £1Q) x B(vo,60/2) and V = R”, in view of
(C3) there exist two sequences of continuous functions

aj : M — R, bj: M — R"
such that

(5.3) h(z,v,n) = Sup (aj(z,v) +bj(z,v) -n

for all (x,v) € M and n € R". Define
hj(l',Vﬂ?) = (aj(x,v) + bj(xvv) : 77)+ ) fj(l‘,v,f) = hj(]?,V,M (E))

)+
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Clearly h; is continuous, convex in 7, and
(5.4) 0 < hj(x,v,n) < Ci(Inl + 1),
for all (x,v) € M and n € R”, where
C; == max{|a;(z,v)| + |bj(z, V)| : (z,v) € M}.
Fix ¢ > 0 and find 0 < §; < 6p/2 such that
la;(z,v) — a;(xo,vo)| +[b;(z,v) = bj(xo, vo)| < &
for all (z,v) € (zo + §;Q) x B(vo,d;). Since the function s + s* is Lipschitz
continuous with Lipschitz constant 1, we have
|fi(z, v, &) = fi(zo, Vo, )]
(5.5) < laj(@,v) = a;j(xo, vo)| + |bj(x,v) = bj(zo, vo)| M (£) |
Se(I+[M (&)1
for all (z,v) € (zo + 6;Q) x B(vo,d;) and all ¢ € E{. By (51) and for any j € N
we obtain

dp
acv )

>liminf [ f(zo + em¥y, Tho1(To + emy) + 5w (y), . .., VEwn(y)) dy

Mo JQm

(56) > lim lnf/ fj (xO + EmY, kal(xo + Emy) + €fnwm(y), oo ,kam(y)) dy
Qm

m—0o0

> lim nf ( | fianvo, V) dy == == [ M (TFun ) dy)
mmee Qm m

m— 00

> liminf/ fi(wo, vo, VEwnm(y)) dy — ¢ — eK,
Qm

where we have used (£H) and (52). Define

Zm(y) = (El:nilwm(y)v e afmvk72wm(y)) ,  Um (y) = vkilwm(y)'
Fix an integer P € N such that e > 1 + ||[V*~lwy||s. For m sufficiently large,
say m > mp, we have e2F+1 < §5/(2¢,,); so in view of (5.2) we may find i,, €
{P+1,---,2P} such that

{yeQ: ™ <|(Zm(y),um ()| < e C Q
and
1+ K

/ (14 IM(VFw,(2))]) dx < 5
{y€Q:eim <|(zm (y),um(y))[<etm 1}

Since {P +1,---,2P} is a finite set, we may find ip € {P 4+ 1,---,2P} such that
< 1+ K

1+ |M(kam(m))|) dr < —5

N .
{yeQ: P <|(zm (y),um ()| <etr+1}

for infinitely many indices m € N. From now until the end of the proof we assume
without loss of generality that the whole sequence satisfies (5.7).
Set

Vi (y) = G (|[(Zm(y), am (¥))]) um (y)
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and
Dy i={y € Q: |(zm(y), um (y))| <eF},
D, ={yeQ: e <|[(zm(y), un (y)| <erH},
DS ={y € Q: [(zm(y), um (v))| > 7},
where
1 if s <e'r,
eiP+1 — s ) )
G(s) := —— ifelr < g <ePtl
eZerl — etp .
0 if s > etrtl,
Note that
‘D;@ UD:;F@‘ = Hy €qQ: |(Zm(y)aum (y))l > eip}|
(5.8) <y e@Q: [(zmy),um ) — (0,V* Two(y)) | > 1}
§||zm||L1(Q)+||um—Vk*1w0||L1(Q)—>O as m — oo,

where we have used the fact that €7 > 1 + ||V¥~Twg||o. Also,

Vz,,| = ‘(e%IVwm, . ,amkalwm)‘

(5.9) B B B
<em | (h  wm, el PV, o emVE W) | = € |(Zm, um)| -

We claim that
(5.10) IM(VVi ()] < C (1 +eme™ ) IM(VFw0m(y))).

In view of the definition of g this is immediate for € D,, U D;},. Thus it remains
to assert (5.10) in D,,. We have

Vv, = (G(|(zm,um)|)1+ G (I(zm, um)]) %) Vi

Wy & Zy,

|(Zm, am)|

+ G (|(2m, um)]) Vi,

where 7 is the identity matrix. Since in D, ,

‘GI+G’ Um & Um e Um & Zm
) |

Zm7um Zm;um
we have
; U @ Uy
M, GI+G— | Vu,
[(Zm, wm)|
< }Ml (GI+ G’W) ‘ My (V)| < C My (V)|
and

’ M, (G/MW)‘ ‘ M, (GM) ‘ My ()

|(Zm, Um)| |(Zn, W) |

< 0 I>1,
- C|M;1(Vzy)| =1,
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where M;(X) is the vector whose components are all the minors of X of order .
Here we have used the facts that

|M1<X+Y|<CZ|M )| IM_i(Y),

that
IMi(XY)| < My (X)] [Mi(Y)],

and that u,, ® z,, is a rank-one matrix. Then, in view of (59),

GT + G'M VYVu
|(Zn, W) | "

B (a/Mva)‘

|(Zm, W) |
< C(IMi (Vug)| + Mzt (Vug)| (M1 (Vazn)|)
< C (M (Vum)| + &m |(Zm, um) | [Mi—1 (Vam)|) -

M (Vv (y

Since |(zm, um)| < Pt for z € D,,, we conclude that (5I0) holds.
Since D, C @, it follows from (&.6]) that

(5.11) dci—MN(xO) > 1ir£rliglof/ fi(xo,vo, Vvy,) dy —e — eK.
D,
By (5.4) and (5.3),
(5.12) fi(x0,vo, Vvy,) dy < Cj ) (14 IM(Vvm)|) dy = C; | D} | — 0,

D Dm,

while from (5.4), (5.10) and (5.7), and taking m > mp so that e,,ef T < 1,

1520, vo, V) dy < C / (14 [M(Vva)]) dy

Dm

(5.13) < CCj/_ (14 |M(VFu0m(y)|) dy

14 K

< -

CC; Iz

Consequently, in view of (511, (5I2) and (I3),
du 1+ K
(5.14) dEN ) > 1}}33?5/ fi(zo,vo, Vvy) dy —e —eK — CCj +T

and by (52), (E7), and in view of the fact that v,, =0 in D},
(5.15) sup/ IM(Vvp)|dy < K1 < o0,
m JQ

where K is independent of m and j. Define

hj,e (U) = hj($0,V0,’U)+€|'U|, f]E(g) ]E(M(E))
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Then by (514), (&I15), and Proposition

d 1+ K
CM—MN(:CO) > liminf/ hje(M(Vvin(y)) dy —e —e (K + K1) — CCJ%
m—00 Q

> hjo(M(VFwo(x0)) —e—e (K + K1) — ccj#
= fi(zo,u(xo), -+, V*u(wo)) + & | M(VFwo(o))]
1+ K

_€_€(K+K1)_CC]‘T.

Letting first P — oo, then taking the supremum in j yields
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